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A perturbation theory with respect to the tension parameter 7/a' for the non-linear 
equations of string, moving in curved space-time, is considered. Obtained are 
linearized motion equations for the functions of the n— th degree of approximation 
(n = 0,l,2). 

The study of string dynamics in curved space-time has evoked considerable in- 
terest [1-3]. The investigation of this problem is hampered by a non-linear character 
of the string equations exactly solvable for a restricted class of special metrics [1- 
8]. Therefore in [2,3,7] it was proposed to study the approximate solutions of these 
equations using a perturbative theory. A rigorous realization of this program implies 
the presence of a small parameter in the string equations, and the search for their 
solutions in the form of a series expansion in terms of this small parameter. 

Here it will be shown that the string tension may play the role of a small param- 
eter in the string motion equations. We will prove that the solution of the string 
equations and constraints can be sought in the form of a series expansion in terms of 
the tension parameter. The functions of the zero and subsequent approximations de- 
pend on the singular world-sheet variable £ = cr/e, where e is a small dimensionless 
parameter proportional to the string tension. 

To investigate the described problem it is convenient to use the reparametrization 
invariant representation [9] for the bosonic string action 
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S = So + S\ = J drda 

where Gmn(%) is the metric tensor of D - dimensional target space-time, E(r,a) 
is an auxiliary field of the two-dimensional world sheet density. The parameter 
T = 1/a! in the world sheet T 2 E (1) has the physical sense as the string tension. 
The latter fact becomes evident if E(t,<j) is eliminated from the action (1) using 
the motion equation 

E = a'yj-detg^, = d^x M G M Nd u x N , (2) 

which connects E with the induced world sheet metric g^ u {r,a). After eliminating 
E the action (1) transforms into the well-known Nambu-Goto representation. The 
representation (1) is suitable because it contains the tension parameter T as an 
multiplicative factor in addition to the kinetic term So (1) which coincides with the 
total action for null string [8-10]. In the limiting case T — > (or a' — > oo) the 
additive term Si in Eq.(l) can be considered as a perturbation term for the null 
string action So- 

The introduction of the momentum Vm canonically conjugate to the string co- 
ordinates x M 

V M = ~G MN [(x' L x' L )x N - (x L x' L )x' N \ (3) 
allows to present the Hamiltonian density Ti for the action S (1) in the form 

n = - r ^[hp M V M ) + T\x' M x' M )\ + \(x' M V M ), (4) 

[X X L ) 4 

where A is the Lagrange multiplier for the constraint (Vmx' m ) = 0. As follows from 
Eq. (4), the fixation of the reparametrization gauge by the conditions for E and A 

E = - 1 (x' L x' L \ A = , (5) 

elucidates the physical sense of the world sheet " cosmological" term Si as the po- 
tential energy of string. Here 7 is a physical constant with the dimension L 2 (if 
h = 1 = c), characterizing the energetic scale of the universe;for example, we can 
put 1—^2, where M is the mass of the considered universe. This potential term 
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; E(t, a) 



describes the general covariant contribution of the potential energy of elastic string 
deformation depending on the metric Gmn{x). In the limiting case T = the Hamil- 
tonian density (4) is transformed into the density H = 7 /^(T > m'P m ) corresponding 
to null string and generating a continious mass spectrum [10]. The introduction of 
the oscillator addition into 7i leads to the appearance of oscillation regime, and to 
the transformation of the continious spectrum of null string into the well-known dis- 
crete spectrum of masses of the Nambu-Goto string. In view of the above mentioned 
interpretation of 7i in the gauge (5), i.e. 

E = - 1 {x' L x' L ), (6) 

( x l . X ' L ) = 0, (6') 

it is clear that the non-linear motion equations derived from S (1) are to be analyzed 
in this gauge. In the gauge (6) the equation (2) and the world-sheet metric g^ v are 
rewritten in the form 

(x M ■ x M ) + (^) 2 (x' M x' M ) = , g, v = Ediag^/ia') 2 , -I/7] (7) 

As follows from Eq.(7), in the limiting case T — > the world sheet metric g^ v 
describes an isotropic surface sweeped by null string. Taking account of the gauge 
(6) and relation (7), the desired Euler-Lagrange motion equations acquire the form 



X P X Q-(1) 2 X >P X >Q 



= (8) 



containing the dimensionless parameter e = 7/0;'. For the case of closed string 
Eqs.(8) are completed by the conditions of periodicity with respect to a 

X ^( T)C7 = 0) = x M ( T ,a = 2n) (9) 

Provided that e C 1 or, the equivalently 

x M x M « -(x' M x' M ) (10) 



, Eqs.(8) may be considered as non-linear ones with the small parameter at the 
derivatives with respect to a. Then we may seek a solution of Eqs.(8) in the form 
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of a series expansion in terms of the small parameter e. In addition, we choose the 
zero approximation functions </? m (t) independent of a and satisfying the following 
equations and constraint 

<P M + rU^V = o, (ii) 

(<^ m 0m) = (11') 

In the zero approximation the constraint (6') is identically satisfied. Eqs. (11) and 
(11') are equivalent to the motion equations of a massless particle with the world 
coordinates <p M belonging to the geodesic line in the target space-time. It should 
be also noted that the constraint (11') is a motion constant. To derive the equation 
defining the functions of higher approximations note that the parameter e can be 
eliminated from Eqs. (8) by introducing the new variable £ instead of a using the 
relations 

i = a/e, dt = ed a , d\ = e 2 d 2 a (12) 
Then the solution of Eqs. (8) may be presented in the form of the series expansion 

X M = <p M (r) + e^ M (r, + e\ M (r, + ... (13) 

The expansion (13) shows that the effects connected with the string extension begin 
to manifest themselves in the the functions of the first approximation. To verify 
this fact it is enough to make the substitution of expansion (13) into Eq.(6) for E, 
defining the elastic energy of the string tension. After this substitution and the use 
of the condition 

= §~^ M = (14) 

we will find that the density of the potential energy E (6) acquires the oscillator-like 
form 

£ = -7^,f GW,f +••■ (15) 

The performed choise of the zero approximation function (p M (14) essentially simpli- 
fies the motion equations and constraints for the functions of the next approxima- 
tions. To derive these equations with the corresponding constraints let us substitute 
the expansion (13) into Eqs. (8) and the constraints (6', 7). Then, taking into 
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account the condition (14), we obtain the equations for the first approximation 
functions ip M in the form[| 

D^ip L =4, M - ^ +2[I%(< / ?) + \^ L d L v^ p ^ = , (16) 

By analogy, retaining the terms of the second order of smallness,the equations 
for the functions of the second order approximation X M ( r >0 

Df X L + r^V 3 - 2^ L d L r^ Q! f p ^ - l^ K d LK r^ Q if p ^ = o , (i6'), 

can be obtained. The equations (16) and (16') must be completed by the periodicity 
conditions with respect to £. The corresponding expansions of the constraints (6') 
and (7) acquire the following form 

(x M ■ x M ) + (x' M x' M ) = e[2{ip M ^ M ) + i> L (<p M d L G MN( p N )]+ 

+e 2 [2^ M x M ) + X L & M d L G M NV N ) + & M tPm) + V>,f ^+ 

+ 2^ M d L G MN ^ N ) + ~^ K (<p M d LK G M N<p N )} + - = , (17) 

(x M x' M ) = e{<p M ^) + e 2 [(0MX,f )+ 

(17') 

+(^,f ) + ^ L (^ M d L G MN ^,f )] + ... = , 

Note that in the expansion series (17) and (17') the terms of the zero approxi- 
mation are absent. This fact is explained by the choice of the geodesic trajectory 
(11) and (11') as a zero approximation for the proper trajectory of the string. The 
string oscillates around this geodesic trajectory. The approximation in question is 
applicable when the string oscillating energy £ ~ 1/ \fa! is small in comparison 

with the mass M ~ l/\/7 °f the universe where the string is living, i.e. when 
^^Here and further in the text reduced notations are used: 

d d 

dLK...GAi N = —-^——^...GMNif), (</> V'Af) = <f GmN^P ,— 
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£/M ~ \Jl/oi' « 1. Moreover, note that the oscillator term ~ x' M x' M in the pri- 
mary constraint (7) appears only as a second order perturbation. As a consequence 
of this fact the Virasoro terms [(ip M ipM) + {i> M \^m^)] in Eq.(17) and correspon- 
dently (ipMip,^ 1 ) in Eq. (17' ), appear starting from the second order approximation. 

The suggested here perturbative approach may be considered as a rigorous real- 
ization of the heuristic scheme proposed in [2,3,7]. However, in these papers addi- 
tional suggestions are made. In particular, they use the assumption that the coor- 
dinates of string mass center q M (r), which play the role of the zero approximation 
function (p M (r), obey the equations of the geodesic line (11) and the constraint 

(q M q M ) = (a'm) 2 , (18) 

where the constant m has the sense of string mass. Our approach is free of any as- 
sumptions of such kind, because the constraint (11') together with other constraints 
and motion equations, are rigorously derived from the unique Euler-Lagrange varia- 
tional principle for the action (1). The constraint (11') coincides with the constraint 
(18) only if m = 0. The latter restriction plays an important role, since it requires 
a more detailed study of the string cosmology effects for which the condition m^O 
is essential. 
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